Multifactor ANOVA
Often one wishes to do an experiment to as-
sess the effects of two or more factors on a

response.

Example (Two-factor or two-way ANOVA):

e Response = orange vyield (in Ibs.)

e Factor A:

e Factor B: type of pesticide used

Important questions:

1. Do either or both factors have an effect on
yield?

2. Is there an interaction between
and pesticide type?

141



Example of an interaction:

Average yield of variety 1 oranges is the
same regardless of which pesticide is used,
but average yield of variety 2 oranges is
higher with pesticide 1 than pesticide 2.

An interaction can be paraphrased as follows:

The type of effect that Factor A has on
the response depends upon which level of
Factor B is being used.

Suppose there are a levels of factor A, b levels
of factor B, and we obtain n observations for
each of the ab combinations of factor levels.
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The most basic model for a two-factor exper-
iment is:

Xijk = Mij T €ijk;
with:s=1,...,a,7=1,....,band k=1,...,n.
e X,j = response of the kth experimental

unit treated with level ¢+ of Factor A and
level 3 of Factor B.

® ¢S are independent random variables each
having a N(0,o2) distribution.

e 1;; = mean response of a population of
experimental units treated with level ¢ of
Factor A and level 5 of Factor B.
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Additive model: no interaction

Suppose that
pij = p+ o; + By,

where Y01 a; =0=3"_, 8.

In the most general model, there are ab param-
eters, i.e., means, to estimate, whereas in the
additive model there are only a + b — 1 mean
parameters.

Whena>1andb>1, a+b—1 < ab.

T his simplicity comes with a price: the additive
model does not allow interactions.

Fix factor B at level 3 and compare levels : and
¢ of factor A. In the additive model

(n+a; + B5) — (u+ ap+ B5)

Oy — Q.

Hij — e
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Notice that the difference does not depend on
7.

In other words, whatever effect Factor A has
on the response, it is consistently the same
across all levels of B. Graphically this looks as
follows:
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Levels of B

Note: The lines are parallel, indicating no in-

teraction.
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Two-factor ANOVA with interaction

As before assume that

Xijk = Mij T €ijk
= p+ o+ B+ vij T €ijks
where
Ly oy
— Mg
ab i=1i=1
Note that

%‘j=uij—(u+ai+5j)-

A given ~;; represents how much different p;;
is from what it would be if the additive model
held.
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No interaction exists if and only if all the ~;;s
equal 0.

The two-factor model allowing for the possi-
bility of interaction is

Xijk = p+ a; + B85 +vij + €ijiks

with:s=1,...,a,7=1,...,band k=1,...,n.

The same assumptions as before hold for the
error terms e; .

The first step in analyzing data from a two-

factor ANOVA is to test whether there is an
interaction between the two factors.
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A two-factor experiment can be summarized
with an ANOVA table.

First we define means:

o= 3 3 Y X

The sums of squares are

a b n
SST =3 > 3 (Xik— X.)?

i=1j=1k=1

a
SSA=bn Y (X;. — X.)?
1=1

b
SSB=an )_ (X.j. — X.)>,
j=1
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a b
SSAB=nY > (X - X;. - X; +X.)?
i=1j=1
and

a b n
SSE= ) > > (Xir-— Xii)?.
i=1j=1k=1

Important relationship:

SST = SSA+SSB+ SSAB + SSE

ANOVA table
Source of Degrees of Sum of Mean
variation freedom squares square F
Factor A a—1 SSA MSA Fu
Factor B b—1 SSB MSB Fp
Interaction (a—1)(b—1) SSAB MSAB Fyp
Error ab(n — 1) SSE MSE

Total abn — 1 SST
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Each mean square is the corresponding sum of
squares divided by its degrees of freedom. For
example,
SSA
MSA = .

a— 1

Each F-statistic is the corresponding mean square
divided by MSE. For example,

MSAB

Fap =207
AB = "hiSE

Hypotheses that may be tested in the two-
factor experiment are

Hoap : Yij = O for all ¢, 7,

Hop:a; =0 1=1,...,a
and

HOB:ﬁj:O ]:1,,b
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Hoap is tested with Fyp, which has the F-
distribution with degrees of freedom (a—1)(b—
1) and ab(n — 1) when there is no interaction.

Hgyzp is rejected at level of significance « if

FaB 2 Fa—1)(b—1),ab(n—1):a"

Recall the definition of SSAB. The term
Xz'j- — Xz — XJ + X...
equals
Xij — [ X+ (X — X))+ (X, — X)),
which estimates the interaction term

pij — (p =+ o + B;).

A ‘“large” value of SSAB is thus evidence of
an interaction.
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Strategy for testing hypotheses

1. Test Hyygp as described on p. 151N.

2. If Hopp is rejected, try to explain the na-
ture of the interaction. Looking at a plot
of means is a useful device in this regard.
Do not test the hypotheses Ho, and Hgpp
since doing so is potentially misleading.

3. If Hyap is not rejected, then test Hpy and
Hgpp using the F'-statistics Fy and Fpg.

152



Using R to do two-factor ANOVA

e [ he data file should have three columns:
one column is all the values of X, one col-
umn indicates which level of factor A each
X belongs to, and one indicates which level
of factor B X belongs to.

e Suppose your data is in an R dataframe
called Data, whose columns are called

Response, FactorA and FactorB.

Use the following commands:

fit = aov(Response ~ FactorA x FactorB,
data = Data)

anova(fit)
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Example 13: Effect of planting date and fer-
tilizer type on soybean yield

Factor A: Planting date (early and late)

Factor B: Fertilizer (none, aero, sodium and
potassium)

For each combination of planting date and fer-
tilizer, four plots were randomly selected and
planted with soybeans.

Response: Soybean yield in Ibs.

a=2, b=4 n=4

32
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Mean yield
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28,

Early Late
Planting date
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ANOVA table

Source of Degrees of Sum of Mean
variation freedom squares square F
Planting date 1 32 32 10.414
Fertilizer 3 16.40 5.47 1.78
Interaction 3 38.39 12.80 4.17
Error 24 73.75 3.07

Total 31 160.54

Test for interaction:

Fap=4.17 > 3.01 = F3,24;o_05

So, it's reasonable to conclude that there is
an interaction. Looking at the means plot on
p. 154N, the most obvious explanation for the
interaction is as follows:

When planting late, there don't seem to be
big differences in yield between any of the
fertilizers. However, when planting early,
using no fertilizer results in higher average
yvield than any of the fertilizers.
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We may do quantitative comparisons using Tu-
key's procedure. When we find a significant in-
teraction, we may compare the difference be-
tween any two treatment means with

MSE

n

Qa,ab,ab(n—l)

A treatment mean is )_(Z-j., I.e., the average re-
sponse for a given combination of factor A and
B levels.

In general there are ab treatment means.

In our example,

MSE 3.0727
Q052(4)2(4)(4-1)\—, — = 4068 /—

= 4.10.

It turns out that Early/Sodium results in sig-
nificantly smaller mean yield than any of Early/
None, Late/Na and Late/Aero. However, no
other pair of treatments differ significantly with
respect to mean vield.

156



In R we may obtain the results of Tukey’s pro-
cedure using either one of the following com-
mands:

TukeyHSD (aov(Response~FactorA*xFactorB))

or

plot (TukeyHSD (aov (Response~FactorA*FactorB))).
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Suppose we fail to reject the hypothesis of no
interaction.

Then test both Hgy and Hpp using Fy and Fp,
respectively.

Hg 4 is rejected if

Iy 2 Fa—l,ab(n—l);a

and Hgpp is rejected if

Fp > Fb—l,ab(n—l);a'

If either of these hypotheses is rejected, then
one may use multiple comparisons to compare
the levels of a given factor.

For example, if we reject Hpy, then we may
use Tukey’'s procedure as follows. Conclude
that levels ¢ and ¢ of Factor A are significantly
different if

MSFE
bn

|Xz - X€| > Qa,a,ab(n—l)
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If Hop is rejected, then conclude that levels j
and m of Factor B are significantly different if

MSE

an

|X] - X’m| > Qa,b,ab(n—l)

In R we may obtain Tukey's procedure for Fac-
tor A as follows:

fit=aov(Response~FactorA*FactorB)

TukeyHSD(fit, ¢ ‘FactorA’’)

Analogously we could do Tukey's procedure for
Factor B.
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Experimental design
Often in doing an experiment one has choices
as to how treatments are assigned to experi-

mental subjects. Design of experiment refers
to how the assignment is done.

e Completely randomized design (CRD)

e Randomized block design (RBD)

The CRD is the design (implicitly) assumed in
our discussion of one- and two-factor experi-

ments.
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Suppose we have N experimental units, t treat-
ments, and we want to administer treatment ¢
to n; experimental units.

Note: TL1—|—TL2—|—---—|—nt:N

In a CRD, we randomly assign njq units to
treatment 1, no units to treatment 2, and so
forth.

In our one-factor experiment,

t = k.

Two-factor experiment:
t=ab, ni=no=---=Znr=n

and N = abn.
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Randomized block design

Differences between experimental units usually
lead to variance, or “noise,” among responses.
This makes it more difficult to detect when
two treatments are different.

Suppose we want to see if a treatment is better
than no treatment. Consider the following two
scenarios:

1. We have 10 pairs of identical twins. Ad-
minister treatment to one twin in a pair
and give the other a placebo. Do this for
all 10 pairs.

2. We have 20 people. Randomly select 10
and give them the treatment. Give the
placebo to the other ten.

Intuitively, the first seems better! \Why?
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The second scenario is a CRD and the first is
a block design, where each pair of twins is a
block.

In a RBD, similar experimental units are com-
bined to form a block. All treatments of in-
terest are then assigned randomly to the units
within a block.

Our previous twins example would be a ran-
domized block design if a coin is tossed to
decide which of the two twins in a pair is to
receive the treatment.

T he motivation for a RBD is to, effectively, re-
duce variation in responses due to differences
between experimental units. By applying treat-
ments to similar experimental units, differences
between treatments become easier to detect.
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Analysis of data from RBD

Let XZ-J- be the response to treatment 2 in block
7, Wwhere:=1,...,kand y=1,..., n.

(So, we have k treatments and n blocks.)

T he following statistical model is assumed:

Xij = ptao;+bj+e€5 1=1,...,k,

17 =1,...,n.

e ;. effect due to treatment ¢

e b.:

;. effect due to block j

Thinking back to the twins example,
e «,; accounts for a difference between treat-

ment and placebo,
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° bj accounts for differences from one pair of
twins to the next, and

e ¢;; accounts for any slight differences be-
tween twins in the same pair.

Treatment means:
1 mn
:_ZXijﬂ i:].,...,k
n ._—
71=1
Block means:

1 kK
EZ K j:1,...,n

Grand mean:

— 1
X.==3

i=1j

X

k n
J
=1

Sums of squares:

k
SSTr=n ) (X; — X.)?
1=1
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n
SSB=k > (X;—X.)?
j=1

kK n
1=19=1

SSE = SST —SSTr—SSB

ANOVA table
Source of Degrees of Sum of Mean
variation freedom squares square F
Treatments k—1 SSTr MSTr Frp,
Blocks n—1 SSB MSB Fp
Error (k—1)(n—1) SSE MSE
Total kn — 1 SST

AsS always, each mean square is the correspond-
ing sum of squares divided by its degrees of
freedom.
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We test Hg: a1 = -+ = «y using the statistic
Fpr,=MSTr/MSE. Hg is rejected if

Fpr 2 Fi_ 1 (k—1)(n—1):a

Can also use Fp to test for a block effect, al-
though this is not of primary importance.

Example 14: Analyzing data from an RBD

An experiment was conducted to assess the ef-
fect of caffeine on the endurance of athletes.
Nine well-conditioned cyclists were available for
the study, and four caffeine dosages were con-
sidered: 0O, 5, 9 and 13 mg.

The experiment was conducted over four days
and each cyclist ended up receiving all four caf-
feine doses, one dose per day. The order in
which the doses were administered was ran-
domly determined for each cyclist.
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The response variable was number of minutes
of cycling between receiving the caffeine and
exhaustion setting in.

Treatments: Caffeine dosages

Blocks: Cyclists

ANOVA table
Source of
variation SS df MS F
Caffeine 033.122 3 311.041 5.917
Cyclists 5557.994 8 694.749 13.216
Error 1261.657 24 52.569
Total 7752.773 35

Since 5.917 > 4.72 = F3 24:0.01, it is reasonable
to conclude that not all caffeine doses produce
the same average time to exhaustion.

As usual, we may use Tukey's procedure to de-
termine what pattern of differences exist among

the doses.
168



Treatment means X;. and X,. are significantly
different if

MSE

n

1 Xi = X0l > Qo k.(k—1)(n—1)

Caffeine Mean time to

dose exhaustion
0 46.4
5 57.7
13 58.1
9 58.7
Q.05,4,24 52557 = 3.90(2.417)

= 9.43
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e NO caffeine leads to a lower average time
to exhaustion than any of the other three
doses.

e We can't reject the hypothesis that doses
5, 9 and 13 have the same average time to
exhaustion.

In R, suppose that the response, treatment and
block vectors are called Response, Treatment and
Block, respectively. Then the following com-
mands produces the ANOVA table and Tukey's
procedure for an RBD:

fit=aov(Response~Treatment+Block)
anova(fit)

TukeyHSD(fit, ¢ ‘Treatment’’)
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